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ABSTRACT: The present work discusses four types of new
experiments that can improve the current theoretical
description of nonlinear rheology of entangled polymers.
First, a slowly imposed strain is found to result in
nonmonotonic evolution of the state of chain entanglement
during quiescent relaxation, consistent with the idea of chain
disentanglement after step shear. Second, the stress relaxation
upon a sizable step strain is found to be identical to that for
small step strain, consistent with a molecular scenario that a strained entangled melt has an entropic barrier to resist chain
retraction. Third, the ability of a step-strained polymer to undergo elastic recovery is found to be the same up to strain amplitude
of unity, and a sample sheared for a period much longer than the Rouse time is shown to still undergo nearly full elastic recovery.
Fourth, an entangled melt, stretched at a rate signiﬁcantly lower than the Rouse relaxation rate, undergoes full elastic recovery
until the point of tensile force maximum. We have discussed an alternative conceptual framework to describe these nonlinear
responses of entangled polymers despite the possibility that the tube model might be further remedied to characterize the new
rheometric measurements presented in this work.
the various constitutive models including the K-BKZ model12,13
all have parameters that are constant in space and time. Today,
various constitutive models are still popularly employed in
ﬁnite-element numerical computations to treat entangled
polymeric liquids as smooth continua.
A large fraction of the constitutive models grew out of
modiﬁcation of the successful rubber elasticity theory14 that is
also known as the neo-Hookean network model in the rheology
literature, where the zeroth order picture is to simply evaluate
the observable stress in terms of the entropic changes
associated with the deformation of all Gaussian strands between
chemical cross-links. By allowing the “cross-links” to have ﬁnite
lifetimes, transient network models15−17 (TNM) emerges in
1950s to oﬀer a phenomenological account of the role played
by intermolecular interactions in noncross-linked polymeric
liquids. In order to explain such nonlinear and non-Newtonian
behavior as shear thinning, TNM allowed the junction lifetimes
to depend on the applied rate in some phenomenological
manner. Consequently, they are not a ﬁrst-principles
description of polymer rheology.
The tube model is also phenomenological rather than ﬁrstprinciples-based in the sense that the intermolecular
interactions are modeled by restricting a test chain to tubelike conﬁnement. It gained popularity because such key
experimental features as stress overshoot upon startup shear
(deﬁned in the following Figure 1) and strain sof tening upon
large step strain emerge automatically from the tube model.
Another appealing character of the Doi−Edwards tube theory is

I. INTRODUCTION
Viscoelastic properties of entangled solutions and melts have
been an important research area in polymer science and
engineering. The subject of polymer dynamics is universal in
the sense that it applies to all species with diﬀerent chemical
structures because it deals with polymers in their disordered
liquid state. Research on rheology of entangled polymers
intensiﬁed ever since 40 years ago when de Gennes opened a
new era in polymer physics with the idea of reptation,
envisioning a probe chain to perform snake-like motions in a
cross-linked polymeric gel.1 This notion was subsequently
developed by Doi and Edwards into a tube model in a series of
four seminal publications.2−5 In the tube model, interchain
excluded volume eﬀects are treated by the insightful idea of
Edwards6 who perceived an impenetrable tube to mimic the
constraint due to the chain uncrossability. Today, the
reptation/tube theory oﬀers a familiar depiction of chain
diﬀusion and relaxation as well as nonlinear rheology of
entangled polymers. Its appeal has a great deal to do with how
the theory simpliﬁes the extraordinarily complex many-body
system into something tractable and comprehensible. Its
successes and merits arise from the apparent agreement
between some experiments and key aspects of the theory. On
the 40th anniversary of the reptation idea, it is appropriate to
study its major beneﬁciary, the tube model, in light of an
emerging experimental background. To appreciate the apparent
successes of the tube model, it is helpful to ﬁrst mention the
prior attempts.
Earlier eﬀorts to describe rheological properties of entangled
polymers and other viscoelastic materials was dominated by
attempts to search for suitable constitutive equations based on
continuum mechanics principles.7−11 Like the Maxwell model,
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Upon a startup deformation with Wi ≫ 1, the key question is
what happens when the external strain grows continuously. Do
we expect the mechanical response to be solid-like up to t ∼ τ0,
corresponding to a strain of Wi ≫ 1? When does the “solid”
turn into a “liquid”? In other words, when is the structure of the
chain entanglement network irreversibly altered? Before an
entangled polymer suﬀers irrecoverable deformation, we can
expect nearly full elastic recovery upon letting go stress free.
Thus, a special point of interest is the moment when the system
loses its ability to have full elastic recovery.

Figure 1. Depiction of startup shear at a nominal shear rate of γ̇ = V/
H, for which, the time required to produce the ﬁrst 100% of shear
deformation is given by t1 = H/V =1/γ̇.

II. CONTRASTING TWO DIFFERENT PICTURES
It is universally accepted that the chain entanglement arises
from the uncrossability, which is due to a combination of
excluded volume and chain connectivity. The packing
model19−22 conjectured about the onset of chain entanglement
at a critical degree of molecular crowdedness, expressing the
entanglement molecular weight Me in terms of the packing
length p. But it oﬀers no clue about how to depict the spatial
molecular arrangement, e.g., mutual interpenetration, dynamically.
Arthur Lodge pointed out23 in 1989 that there are two
fundamentally diﬀerent kinds of theoretical treatment for
entangled polymers in terms of, either “strong, localized
interactions of the network junction type”, or “smoothed-out,
uniform interactions representing a mean ﬁeld”. The former
recognizes the explicit role of intermolecular coupling at the
entanglement points and asserts that entangled polymeric
liquids are network-like, involving many-body interactions. The
tube model is obviously the latter type because it treats
intermolecular interactions in a smoothed-out, uniform way by
representing a test chain in an imaginary tube. Since it cannot
keep track of the original entanglement structure, it cannot
perceive how the initial state of entanglement becomes updated
and renewed in presence of external deformation. Below we
review two diﬀerent pictures concerning chain entanglement in
presence of external deformation.
1. Structure of the Tube Model. The tube model has
been widely accepted and extensively applied as the standard
model in polymer rheology. In other words, it is the prevailing
theoretical description known to all workers in the ﬁeld. Here
and below “the tube model” refers to any version of the tube
theories24,25 including the latest26 unless speciﬁed otherwise.
On the other hand, by “Doi−Edwards tube model”, we refer to
the version established by their ﬁrst four papers.2−5 It is
important to ﬁrst understand how the tube model was
constructed and how its foundation may be tested by
experiment.
To make a mathematical description of polymer chain
entanglement is a formidably challenging task, let alone
depicting analytically how the entanglement behaves under
large fast external deformation. The objective of the tube model
is not to depict chain entanglement since it does not and
cannot delineate the origin of chain entanglement. Instead, the
tube model attempts to depict the consequence of entanglement for polymer dynamics. Speciﬁcally, inspired by the success
of the classical rubber elasticity theory,14 the construction of the
tube model is based on the following three hypothetical
elements, simplifying the task to describe the many-body
system in terms of a single-chain picture. (i) The
experimentally measured stress is of intrachain origin. Moreover, (ii) the eﬀects of surrounding chains on a test chain are to
provide a tube-like invisible constraint so that the transverse

that its integral form is similar to the phenomenological K-BKZ
model12,13 as if the tube theory has provided a molecular-level
justiﬁcation of the K-BKZ model.
All integral-form constitutive models including the Lodge
network theory model,18 the K-BKZ model, and the Doi−
Edwards (DE) tube model, have two common features. (A)
The constitutive equation involves the spectrum of equilibrium
relaxation times. (B) There is a memory function in the integral
for the stress tensor to indicate that the stress constantly arises
from recoverable deformation over a period of time in the past
prescribed by the equilibrium relaxation spectrum. Since the
origin of stress should be entirely intermolecular in steady ﬂow,
a realistic molecular model has to treat the interchain
interactions explicitly. The DE model represented the
intermolecular interactions in terms of a tube and evaluated
the stress from the intrachain forces.
This paper is organized as follows. In section II, we examine
the structure of the tube theory in terms of its construction and
discuss an alternative framework derived from the emerging
phenomenology. Section III details the basic features of the
tube theory that are intimately related to its starting
assumptions. In section IV we describe various experimental
data that are consistent with the alternative ideas before
concluding in section V.
Before making a comparison between the two diﬀerent
standpoints, we introduce the basic notations and deﬁne the
conditions for nonlinear rheology of entangled polymers.
The Maxwell model identiﬁes an essential property of
viscoelastic materials: a dominant relaxation time τ0, also
known as the terminal relaxation time or reptation time for
entangled polymers (using the tube model language).
Borrowing the idea of Maxwell, linear response of viscoelastic
materials is expected when the external deformation is either
small or taking place suﬃciently slowly. Taking startup simple
shear deformation with rate γ̇ = V/H for example, Figure 1
shows that t1 = H/V =1/γ̇ is the time required to produce one
unit of shear strain. Weissenberg introduced a dimensionless
number, Wi = τ0/t1 = γ̇τ0, to parametrize how fast the applied
shear is. The degree of the initial elastic deformation is upper
bounded by Wi. This measure can be straightforwardly
extended to other modes of deformation such as uniaxial
extension at a Hencky strain rate ε̇ so that Wi = ε̇ τ0. When Wi
≪ 1, there is negligible elastic deformation, and the external
deformation does not alter the state of chain entanglement.
Therefore, the condition of Wi ≪ 1 ensures linear response,
where the theoretical description of entangled polymeric liquids
can avoid the challenge of dealing with any non-equilibrium
state of chain entanglement. When Wi ≫ 1, linear response is
possible only if the imposed strain does not exceed a critical
level, which can be identiﬁed empirically. For entangled
polymer solutions and melts in simple shear, this critical strain
is known to be on the order of unity.
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deformation, leading to the buildup of intrachain elastic
retraction force f retract. The original entanglements are lost in
a massive amount when the elastic retraction force f retract within
the strand reaches the intermolecular gripping forces f img
(IGF), i.e., f retract ∼ f img.29,30 Subsequently the test chain begins
to slide past other chains at the entanglement points as shown
in Figure 2. This event leads to the stress decline since a large
fraction of chains in the entanglement network should undergo
such chain sliding. In other words, in our picture, the stress
overshoot during startup shear is a consequence of molecular
chain disentanglement, in contrast to the tube-model picture of
the chain orientation.
The rate of deformation, relatively to the chain relaxation
rate, determines how eﬀectively the chain uncrossability
produces the IGF because the externally driven displacement
has to compete with the chain relaxation dynamics. For Wi < 1,
the displacement is so slow that the chains readily reptate past
one another, without becoming appreciably deformed. In other
words, IGF is obviously inactive for Wi < 1. Although we are
currently unable to derive the IGF by formulating an analytical
treatment of the topological Gaussian chain network under
external deformation, the existence and characteristics of the
IGF seem obvious to us. Others may view it as a hypothetical
force whose origin is physical hinderance.
During startup deformation, in the limit of aﬃne
deformation, the stress grows monotonically with the imposed
strain. For simple shear, shear stress σ = Gpl γ, and for uniaxial
extension the engineering stress σengr = Gpl(λ − 1/λ2), where
Gpl is the elastic plateau modulus associated with the
entanglement network. According to the rubber elasticity
theory, the stress arises from the intrachain elastic retraction
force f retract. The current authors propose29 that the areal
number density of entanglement strands ψ is related to Gpl as
Gpl = ψfent, where fent ∼ kBT/lent is the entanglement force
associated with the entropic barrier that provides the structural
integrity or cohesion of the entanglement network on time
scales shorter than τ0, with lent being the entanglement spacing.
Therefore, equating ψf retract to σ for simple shear and to σengr for
uniaxial extension, we have f retract = γfent for simple shear and (λ
− 1/λ2)fent for uniaxial extension. During the startup
deformation, the increase of f retract with shear strain γ or
stretching ratio λ cannot continue without bound because f img
is of a ﬁnite magnitude. Thus, the force imbalance must occur,
and the accompanying chain sliding at the entanglement points
is the molecular mechanism for the observed macroscopic
nonlinearity either during startup deformation or after a large
stepwise strain.
Experimental data suggest that f img is comparable to fent for
the applied rate between Wi > 1 and WiR < 1,31,32 because the
molecular ″yielding″ by chain disentanglement usually occurs at
a modest strain. In other words, for Wi > 1 and WiR < 1, the
strain γmax at the stress overshoot is only around two so that the
magnitude of f retract at the stress overshoot is on the same order
as fent. For example, for rates satisfying WiR < 1, the strain γmax
at the stress overshoot is only around two.31 In this limit, the
uniaxial extension terminates with rupture-like failure, which
was interpreted as evidence that the IGF is unimportant in this
regime.32 Conversely, the IGF appears dominant and grows
strongly with the deformation rate for WiR > 1 because γmax
grows with WiR, reaching as high as ten, implying that there is
considerable f img to balance f retract > 10fent.
The use of “yielding” to describe such nonlinear responses as
stress overshoot is hard to ﬁnd in the literature on melt

degree of freedom is limited to a narrow space known as the
tube diameter. In the linear response regime, the entanglement
network is always in equilibrium, and an explicit account of the
intermolecular interactions may be unnecessary. In other
words, it may be adequate to approximate the physics of
polymer dynamics by erecting an inﬁnitely high conﬁnement
barrier for a test chain. In the nonlinear response regime, the
tube model has an inevitable outcome that can be reviewed as
its third assumption: (iii) The test chain undergoes Rouse
dynamics inside the tube so that there would be barrier-free
chain retraction at Rouse time τR upon aﬃne deformation of
the tube. In terms of τR, the product γ̇τR or ε̇τR = WiR will be
called the Rouse−Weissenberg number in this paper. When the
deformation is carried out at WiR ≪ 1, the chain retraction
would recover the equilibrium contour length, and aﬃne
deformation ceases beyond t = τR according to the tube model.
In absence of chain stretching for WiR < 1, chain orientation
alone contributes to the stress. Consequently, the tube model
interprets the stress overshoot during startup shear with WiR <
1 as merely due to progressive chain orientation.
Because the tube model represents polymer entanglement in
terms of a smoothed-out, uniform conﬁnement in a true meanﬁeld manner and is not based on consideration of forces, it
cannot determine how the state of entanglement is altered and
renewed. Since the transverse constraint is always there, a tube
always exists to surround the test chain regardless whether the
chain retracts or not. In other words, it is challenging for the
tube model to describe how chain disentanglement may occur
during fast large external deformation.
2. A Dynamic Network Picture. Recently, a great deal of
new information has begun to indicate that for Wi > 1
entangled polymers may have to be regarded as a network
formed by localized intermolecular interactions. In the new
network picture,27 we perceive polymer entanglement as
depicted in Figure 2 where an entanglement strand from the

Figure 2. A cartoon to depict an entangled polymer in terms of a
network-like picture. It shows a strand between entanglements that is
strained either in shear to γ or extension to λ. The elastic retraction
force f retract (∼ γfent for simple shear and ∼ (λ−1/λ2)fent for uniaxial
extension) originates from the molecular deformation that occurs in
absence of chain sliding at the entanglement points because of the
intermolecular gripping force f im (IGF).

test chain (in red online) is anchored at two hairpins and
displaced by the surrounding (blue) chains during external
deformation. Thus, upon startup deformation with WiR > 1, the
intermolecular gripping forces f img (IGF) is believed arise due
to the chain uncrossability associated with the excluded volume
eﬀect on slowly moving/sliding chains.28 When the external
deformation displaces chains in opposing directions, the
uncrossability produces the IGF, which in turn causes chain
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entanglement network.41 Prior to our reports,39,40 it was usually
perceived that a step strain could only result in quiescent stress
relaxation although there has been a suggestion of instabilities
in stress relaxation.42 Thus, the observations of macroscopic
motions after a sizable stepwise strain of either shear39,40 or
extension43,44 were clearly alarming. It even takes place for WiR
< 1 although there would be no chain stretching according to
the tube model.40 Such elastic yielding occurs whenever the
stepwise strain is suﬃciently large, e.g., when γ > 1 involving
step shear or (λ − 1/λ2) > 1 involving step extension.

rheology of entangled polymers. Here and through the text, we
use this terminology in a crude phenomenological sense to
convey the notion that irreversible deformation must replace
the initial elastic recoverable deformation during continuous
external deformation. The experimental signature of macroscopic yielding, i.e., transition from the initial elastic
deformation to the irrecoverable deformation upon startup
simple shear or uniaxial extension, is interpreted to be the
emergence of a shear or engineering stress overshoot (i.e.,
maximum) at γmax or λmax. It is in this phenomenological sense
that Matsuoka used the phrase “yielding” to anticipate the
response of polymer melts upon startup of continuous
deformation in his monograph:33 See pp 180 and 194 for
some relevant statements. The “yielding” is frequently used in
solid mechanics of metallic, colloidal and polymeric glasses,
gels, dense suspensions, semicrystalline polymers, granular
materials, etc. In the solid mechanics of these materials, the
concept of yield is sometimes associated with the material
failure that occurs by strain localization. For glasses, yielding is a
common term to describe loss of solid-like response: Stress
builds upon continuous external deformation that produces a
state where the rate of structural relaxation increases many
orders of magnitude to approach the rate of external
deformation.34 This event of plasticity is clearly a ﬂow state
because structural changes have to occur on the time scale of
the reciprocal deformation rate. There is also the concept of
yield-stress for materials that are solid-like at rest, possessing
relaxation times too long relative to the experimental time scale,
but can be made to ﬂow beyond a certain stress level.
Unlike these solid-like materials where the concept of
yielding has been routinely invoked,35 entangled polymer
solutions and melts have a terminal ﬂow regime accessible for
Wi < 1. Because of the existence of this readily observable ﬂow
zone in entangled polymer solutions and melts, unlike the
yield-stress materials, the researchers in the ﬁeld did not regard
such features as the stress overshoot to be a sign of yielding,
even though such a transition clearly exists upon startup
deformation. With Wi > 1, entangled polymers are forced to
yield (in the above sense) on time scales shorter than τ0 at the
shear stress maximum during startup shear, for example. On the
basis of Figure 2, we have oﬀered a molecular mechanism for
this yielding: It occurs upon the force imbalance as discussed
above in Figure 2 and involves the chain disentanglement. In
passing, it is important to note that macroscopic yielding does
not have to result in strain localization. For many viscoelastic
materials including modestly entangled polymers36,37 where the
nonyielded state is not greatly diﬀerent from the yielded state in
terms of their mechanical characteristics, the transition from
elastic deformation to ﬂow can take place homogeneously.
Chain disentanglement upon force imbalance can also be
induced by a sudden termination of the external deformation.
In absence of continuing displacement, IGF is considered to be
no longer active28 against the intrachain elastic retraction force.
If there has been suﬃcient retractive force such as the case of
sudden of large stepwise deformation produced with Wi ≫ 1,
chain sliding is inevitable because the high level of f retract (>fent)
can overcome the entropic barrier quantiﬁed by the
entanglement force fent. When the stepwise strain is small
enough, the resulting f retract is lower than fent so that no force
imbalance and molecular yielding can occur.
When the system is suﬃciently entangled,38 a step-strained
entangled polymer solution39 or melt40 undergoes nonquiescent relaxation, due to the localized breakup of the

III. KEY ELEMENTS OF THE TUBE THEORY
In this section, we review the predictions and molecular
pictures associated with the tube theory by examining the
model’s foundation and structure.
1. Barrier-Free Chain Retraction on the Rouse Time
Scale. The tube model assumes that upon startup of external
straining with Wi > 1 aﬃne deformation of the tube occurs
until the test chain inevitably retracts within the tube on the
Rouse time τR. The test chain has only frictional interactions
with the imaginary tube and encounters no entropic barrier.
This construction separates the molecular deformation into
chain stretching and orientation respectively, decoupling the
orientation dynamics from with the chain stretching dynamics.
Three speciﬁc consequences follow from this barrier-free chain
retraction:
A. Spontaneous Stress Decline at τR for WiR > 1.
Appreciable chain retraction is expected to occur for any level
of imposed step strain produced with WiR > 1. Speciﬁcally, this
process is expected to produce a measurable stress decline for a
step strain with moderate amplitude γ0 < 1 (simple shear) and λ
< 2 (uniaxial extension). Here we show how the tube model
describes the eﬀect of chain retraction on stress relaxation after
a large step strain.45 Eq 7.123 in the Doi−Edwards book46 gives
σαβ = Q αβ(E){1 + [α(E) − 1] exp( −t/τR )}2 Geq (t )

(1a)

where the tensorial orientation function Q and stretching factor
α each respectively depend on the type of the deformation ﬁeld
E, and Geq is the equilibrium relaxation modulus. Note that the
function Q in this paper diﬀers from that in the DE book by a
factor of 4/15. The consequence of the barrier-free chain
retraction is a decline in the stress as the time-dependent factor
represented by { }2 of eq 1a decreases from α2 at t = 0 to 1
when exp(−t/τR) ≪ 1. Here we only need to include the
longest Rouse time in the curled brackets to capture the eﬀect
of chain retraction on the time-dependent stress. The stretching
factor α can be readily computed. For simple shear, we have
α(E) = ⟨(1 + 2γuxuy + γ 2uy 2)1/2 ⟩
=

⎛1⎞
⎜ ⎟
⎝π ⎠

∫0

π

dϕ

∫0

1

dx

1 + (1 − x 2)(γ sin 2ϕ + γ 2 sin 2 ϕ)

(1b)

where ⟨ ⟩ is the average over the isotropic (equilibrium) state,
and the last expression can be evaluated numerically. For
uniaxial extension, we can get a closed form for the stretching
factor
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chain orientation results in a lower shear stress. In other words,
σxy reaches a maximum σmax = 1.1 Gpl around γmax = √5 = 2.24,
as depicted in Figure 4. Thus, the tube model interprets the
experimentally observed stress overshoot as merely due to the
continuing chain orientation.

α(E) = ⟨[λ 2uz 2 + (u x 2 + u y 2)/λ]1/2 ⟩
1

=

∫0

=

⎡
1⎢
λ+
2 ⎢⎣

x 2λ 2 + (1 − x 2)/λ

dx

1
λ(λ 3 − 1)

ln(λ 3/2 +

⎤
λ 3 − 1 )⎥
⎥⎦

(1c)

Figure 3 shows how α varies with the step strain amplitude
respectively for both step shear of amplitude γ and uniaxial
2

Figure 4. Shear stress σxy or engineering stress σengr as a function of
imposed strain for either simple shear (γ) or uniaxial startup
deformation (λ) under the condition of WiR ≪ 1 and Wi > 1,
where the peak emerges just above two in either mode of deformation
(γ or λ). For the case of shear, according to the tube model, the curve
is quantitatively given by the orientatioal function Qxy(x) given below
eq 2, where x can be either γ = γ̇t to depict overshoot during startup
shear or Wi to indicate stress nonmonotonicity in steady shear. The
curve is also the Doi−Edwards damping function for the stress at long
times.

Figure 3. The square of the stretching factor, either α(γ) for simple
shear or α(λ) for uniaxial extension, is plotted as a function of the
imposed shear strain γ or stretching ratio λ. Here the functional form
of α(γ) can be matched with a polynomial. In both cases, at modest
deformations, e.g., below γ = 1 and λ = 2, α2 is discernibly above unity
so that a stress drop in magnitude of (α2 − 1) is experimentally
measurable.

Similarly, under the condition of WiR ≪ 1, the Doi−Edwards
tube model also evaluated the mechanical response of an
entanglement network to startup uniaxial extension.5 Since the
chains retract without stretching, the number of load-bearing
entanglement strands per unit cross-sectional area stays
constant during the startup extension as depicted in Figure
5a. When chain stretching is negligible for WiR ≪ 1, the
Cauchy (true) stress σ arises from chain orientation alone and
actually levels oﬀ, i.e., σ ∼ σ∞ = constant after suﬃcient
straining so that the engineering stress σengr = σ/λ declines with
λ as shown in Figure 4. This tensile force decline beyond λmax =
2.36 in the tube model arises from the shrinkage of the crosssectional area, not from any cohesive breakdown of the

extension with stretching ratio λ = L/L0 (L0 being the original
sample length). Speciﬁcally, for simple shear, α2(γ = 0.7) ≅
1.13. In the case of uniaxial extension, α2(λ = 1.5) ≅ 1.15.
B. Stress Overshoot and Nonmonotonicity from Overorientation for WiR ≪ 1. The Doi−Edwards tube model states
that “the stress is mainly due to the intramolecular entropic
force; the intermolecular force acts primarily to keep the
volume of the system constant and is not important for the
anisotropic part of the stress.”3 Consider the condition of a
startup deformation with WiR ≪ 1 and Wi > 1. Because of the
chain retraction, a test chain undergoes little stretching in the
sense that the aﬃne deformation only lasts over a period
comparable to τR, corresponding to a strain equal to WiR ≪ 1.
In absence of chain stretching, the shear stress arises entirely
from the chain orientation during startup shear according to
L /2

σxy(γ ̇, t ) = Gpl
= Gpl

∫‐L/2
∫0

d(s /L) ⟨ux(s , t )uy(s , t)⟩

t

dt ′ μ(t′)Q xy(γṫ ′)

(2)

where the ﬁrst equality is eq 7.178 of ref 46 or eq 1.2 of paper 4
of Doi−Edwards,2 and the second equality arises from the
averaging ⟨ ⟩ under the condition that the primitive chain
segmental vector u could orient aﬃnely upon a startup shear at
rate γ̇. Here Gpl is the elastic plateau modulus, μ is a memory
function involving the full equilibrium relaxation spectrum {τp},
with τp= τ0/p2, and Qxy(x) is the orientation function whose
mathematical form can be approximated by Qxy(x) ≃ x/(1 +
x2/5). This nonmonotonic function Qxy indicates that when the
elapsed strain γ = γ̇t is beyond γmax = √5 = 2.24, the excessive

Figure 5. In part a, as stretching continues (i.e., stretching ratio λ
increases), the number of entanglement strands in the specimen
decreases in proportion to the area reduction: A/A0 = 1/λ. This is the
picture in the Doi−Edwards model for startup extensional deformation
with WiR ≪ 1. An alternative view shows how the number of loadbearing entanglement strands in the entire cross-section of the system
remains nearly constant during initial elastic deformation in part b and
only show signiﬁcant decrease upon the molecular yielding as depicted
in part c.
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based on kinematics, not on the basis of force evaluation.
Consequently, such a modiﬁed tube model cannot prescribe a
priori whether the nonmonotonicity should be absent or not.
For WiR > 1, the tube model envisions the shear stress
decline after the overshoot during a startup shear to arise from
a combination of chain retraction at the Rouse time τR and the
CCR that modiﬁes the relaxation rate to be comparable to the
imposed rate. Since the CCR represents irreversible changes of
the entanglement network it should not occur until the onset of
chain mutual sliding upon the force imbalance, leading to
“yielding” of the entanglement network. In other words, much
of CCR logically should not occur before the stress overshoot.
Moreover, our experimental data indicate (a) the stress
overshoot could occur much earlier than τR and (b) γmax scales
like31 γmax ∼ γ̇1/3 instead of γmax ∼ γ̇ that is anticipated by the
tube model,56 although some literature data showed the
exponent higher than 1/3.57−59

entanglement network. In our picture, the aﬃne network
deformation (leading to a geometric condensation of the
entanglement strands) as depicted in Figure 5b occur ﬁrst, and
yielding involves the step depicted in Figure 5c.
Additionally, in steady state, the σxy vs γ̇ curve is given by σxy
≃ GplQxy(Wi), displaying a maximum at Wi = γ̇τ0 ∼ √5 = 2.24
as shown in Figure 4. This nonmonotonicity again stems
merely from the excessive chain orientation because the tube
model considers the mechanical stress to be of intrachain
origin. In reality, the steady-state stress must have intermolecular contributions. In other words, there is no proof that
intrachain contributions already incorporate the interchain
component of the stress. Nevertheless, such a nonmonotonic
character has been repeatedly taken as the mechanism for shear
banding.47−49 We will return in a subsequent section to
comment on whether or not such nonmonotonicity is relevant
to the experimental observation of shear banding.38,50,51
C. Nonaﬃne Deformation and Lack of Elastic Recovery
for WiR ≪ 1. Startup deformation with Wi > 1 and WiR ≪ 1 is
essentially nonaﬃne because of the chain retraction on the
Rouse time scale. Consequently, elastic recovery should be
negligible relative to a ﬁnite strain of, say, unity that takes a time
of t1 = 1/γ̇ or 1/ε̇ = τR/WiR ≫ τR. Moreover, according to the
tube model, the startup deformation with Wi > 1 and WiR ≪ 1
only produces chain orientation. Upon cessation of the external
deformation produced with WiR ≪ 1, the tube model expects a
monotonic recovery of the deformed state of chain
entanglement toward the isotropic equilibrium state.
As the conclusion of this subsection, III.1, we point out that,
among the three components of the tube model of Doi and
Edwards listed in subsection II.1, the third (iii) that all chains
undergoes barrier-free retraction on the Rouse time upon
startup deformation can be most eﬀectively tested by
experiment. The chain retraction on the Rouse time scale
during startup and stepwise deformation has the following
consequences: (a) stress decline around τR due to chain
retraction during stress relaxation from step strain made at WiR
> 1; (b) lack of elastic recovery after one strain unit of stepwise
deformation produced at WiR ≪ 1; (c) nonmonotonicity the
steady shear stress vs rate relation for Wi > 1; (d) a monotonic
return of the state of chain entanglement after termination of a
startup shear produced with WiR ≪ 1, prior to the stress
overshoot that occurs around γmax ∼ 2. The present work aims
to design experiments that can test these consequences of the
tube model.
2. Incorporation of Convective Constraint Release
(CCR): A Revision of the Tube Model. The most wellknown symptom (often regarded as the ﬂaw) of the Doi−
Edwards tube model is its prediction of the so-called stress
maximum, i.e., the steady-state shear stress σxy declining with
increasing applied shear rate γ̇ just beyond Wi = √5, as shown
in Figure 4. To remove this undesirable feature, it was proposed
that the eﬀect of convective constraint release (CCR)52,53 be
introduced to modify the relaxation dynamics and to remove
the nonmonotonicity in the predicted ﬂow curve of σxy ∼
Qxy(Wi) in Figure 4. Speciﬁcally, under the condition of WiR
≪1 and Wi > 1 in steady shear, an eﬀective relaxation time τeff
was proposed53 to be of the form: 1/τeff = 1/τ0 + Aγ̇. Through
the CCR, the stress maximum can be made to disappear. There
are several newer versions26,54,55 of the tube theory that treat
chain retraction as one component of CCR to develop a selfconsistent closure of the mean ﬁeld approximation of the tube
model for nonlinear rheology. The incorporation of CCR is

IV. KEY EXPERIMENTAL FINDINGS
Despite some recent publications that discussed the weakness
of the tube model,60−64 the foundation of the tube model, as
represented by the three elements reviewed in the ﬁrst
paragraph of subsection II.1, has never been explicitly and
thoroughly tested. In fact, most experimental studies appear to
have been carried out to validate the tube model.65 Our work
breaks this tradition and focuses on a critical examination of the
tube model.
1. Summary of Existing Experimental Findings.
A. Shear Banding Is Only Metastable. Ever since the ﬁrst
report of shear inhomogeneity in startup shear of entangled
polymer solutions,50,51 it has been suggested that the Doi−
Edwards tube model 2 contained a prediction for the
experimental observations because it prescribed a nonmonotonic relationship between the shear stress and rate in steady
state as discussed in subsection III.1.B. However, recent
experiments show66 that shear banding might be only
metastable and not a steady state property. Speciﬁcally,
occurrence of shear banding requires startup shear at high
rates (Wi ≫ 1). When the condition of Wi ≫ 1 was gradually
approached over a long period of time, e.g., through slow rampup of the applied rate, shear banding no longer occurred in the
same system that exhibited shear banding during the sudden
startup shear. In absence of the nonmonotonicity feature and
any spatial variation of the shear stress along the velocity
gradient direction, it is challenging for any existing constitutive
model to depict the observed metastable shear banding.67
B. Nonquiescent Relaxation after Step Strain. One of the
most remarkable particle-tracking velocimetric (PTV) observations39,40 is the discovery of macroscopic motions after step
strain68 when it exceeds a critical strain about unity for simple
shear and a Hencky strain around 0.7−0.8 for uniaxial
extension.43 The ﬁnding casts doubt on a large number69 of
favorable70 and unfavorable71−73 comparisons between the
stress relaxation experiment and the damping function of the
tube model. There is also the worst form of macroscopic
motions when wall slip takes place.74,75 Such macroscopic
motions can produce strong strain softening. An earlier study42
based on the free energy function of the tube model has oﬀered
an explanation for the ultrastrain-softening reported of step
shear of 1,4-polybutadiene74 that could have involved massive
wall slip.75,76 Since this study42 is based on the tube model, its
explanation of the ultrastrain softening in terms of an elastic
instability has nothing in common with the alternative idea that
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and Me = 4.8 kg/mol (25.6% styrene, 74.4% butadiene that has
70% vinyl). At T = 30 °C, the reptation time τ0 of this melt is
1340 s and the Rouse time τR, estimated according to the two
methods,80 is around 13.4 s. The third sample is another SBR
melt with Mw = 241 kg/mol and Me = 2.4 kg/mol (21%
styrene, 79% butadiene that has 40% vinyl) that has Z = 98
entanglements per chain, reptation time τ0 = 34 s and τR = 0.12
s
A.2. Apparatuses. Two rotational rheometers were
employed to carry out the designed experiments. The shear
rheology experiments on the PB solution, to be described in
sections IV.2.B and IV.2.D, were performed at 25 °C using the
controlled-torque rheometer (Physica MCR301, Anton Paar
USA) in a cone−plate assembly involving a 25 mm diameter
and 2° cone angle. The elastic recoil tests involving uniaxial
extension, to be discussed in IV.2.E, were also carried out at 25
°C using the Physica MCR301, along with a ﬁrst generation
Sentmanat extensional rheometer (SER). The stress relaxation
tests after a stepwise shear, to be presented in section IV.2.C,
were carried out at 30 °C using a second generation Advanced
Rheometric expansion system (ARES-G2). The parallel plates
had 8 mm diameter and its surfaces covered by sandpaper (grit
240 aluminum oxide, Virginia Abrasives, Petersburg, VA). To
prevent wall slip, a thin layer of superglue (Loctite 498) was
applied to glue the SBR160K onto the shearing sandpapers.
B. State of Entanglement after a Finite Amount of Strain
Produced with WiR ≪ 1. Under the condition of WiR ≪ 1, the
entanglement network should suﬀer little chain stretching
according to the tube model. Thus, after an imposed strain
produced with WiR ≪ 1, the oriented network should simply
relax toward its equilibrium state by molecular diﬀusion. In
other words, the oriented state of chain entanglement should
evolve monotonically toward the equilibrium. One eﬀective
method to probe the state of entanglement in the relaxing
sample is to subject it to a fast startup shear at various stages of
relaxation since the stress overshoot in response to startup
shear can be used to delineate the state of chain
entanglement.81 Consider a protocol of a three-stage shear as
depicted in Figure 6a. We apply this procedure to study the
nonlinear responses of the PB solution.
When a second rate (higher than the ﬁrst) is applied, the
shear stress grows to a maximum value that is denoted as σ2max.
We ﬁrst veriﬁed that the stress peak σ2max associated with γ̇2 =
15 s−1 remained constant during relaxation upon a small
stepwise strain of γ = 0.3, identical to the value obtained from a
nonstrained sample. After a strain of γ = 1.5, produced with a
rate of γ̇1 = 0.25 s−1 corresponding to WiR ∼ 0.1, the state of
chain entanglement during relaxation is probed by the
application of a subsequent startup shear of γ̇2 = 15 s−1 in a
series of discrete tests using the protocol of Figure 6a. Here the
length of the second shear denoted by t2 just needs to be long
enough for the stress overshoot to emerge. In Figure 6b we see
a nonmonotonic relation between σ2max and the duration tw of
the stress relaxation period. Plotted in Figure 6b is also the
stress growth and relaxation associated with the ﬁrst shear
produced at γ̇1. There are two features to note. First, the
stepwise shear has produced a weaker entanglement state
because the very ﬁrst data point is appreciably lower than the
points at long times (when the system has recovered the
equilibrium state). Second, the emergence of a minimum in
σ2max vs tw, though less than 10%, is consistent with the
possibility that the entanglement network has suﬀered further

the strained entanglement network overcomes an entropic
barrier to undergo decohesion as reviewed in subsection II.2. A
recent numerical study77 also applied a monotonic version of
the tube model to depict nonquiescent relaxation. It did so by
assuming that the step strain involved a visible stress gradient
and arguing that the experiment could always involve such a
stress gradient.
2. Further Experiments. In the remaining of this article,
we focus on several new experiments to provide additional
ingredients for the theoretical picture of the present authors
that was brieﬂy outlined in subsection II.2. These new
experiments depart from the previous studies,50,51 in one
crucial way: While the past studies concentrated on the
delineation of strain localization in both shear and extension,
these new experiments involve no macroscopic deformational
inhomogeneity because both startup deformation and step
strain produces a uniform deformation ﬁeld both during and
after straining.
Speciﬁcally, four diﬀerent rheometric measurements have
been carried out to do the following:
1 Probe the state of chain entanglement during relaxation
from an imposed strain produced at WiR ≪ 1. According
to the tube model, the strained sample should only heal
monotonically toward its equilibrium state during
relaxation.
2 Examine stress relaxation after a moderate step strain
involving WiR ≫ 1, for which the tube model anticipates
measurable stress decline due to the barrier-free chain
retraction.
3 Use elastic recovery measurements to determine the state
of chain entanglement during startup shear and after step
strain. When the duration of external deformation (with
Wi > 1 and WiR < 1) well exceeds the Rouse time τR, the
strained system should not undergo signiﬁcant elastic
recovery: According to the tube model, there is negligible
aﬃne deformation.
4 Elucidate the nature of the maximum in engineering
stress σengr under the condition of WiR ≪ 1 in startup
uniaxial extension. The tube model assigns no structural
signiﬁcance to the maximum in σengr.78
Below we summarize the key results from these new
experimental studies, which in combination with the results
reviewed in the preceding subsection, should stimulate future
theoretical work in nonlinear rheology of entangled polymers.
A. Experimental Details. A.1. Materials. Several samples
were used to carry out the following experiments. To ensure
homogeneous shear upon startup shear and quiescent
relaxation after a ﬁnite amount of imposed strain,79 we
prepared a moderately entangled solution, i.e., a 5% 1,4polybutadiene (PB) solution, made of monodisperse long chain
with Mw = 1.05 × 103 and Mn = 1.01 × 103 kg/mol dissolved in
a 1,4-polybutadiene matrix with Mw = 10.5 kg/mol and Mn =
8.9 kg/mol. This 1M5%-10K sample has 18 entanglements per
chain, a terminal relaxation time of τ0 = 19 s and a Rouse time
τR equal to 0.35 s. It was prepared by ﬁrst dissolving the parent
ultrahigh molecular weight polybutadiene in a mixture of the
low MW polybutadiene solvent and toluene (cosolvent). Most
of the toluene was evaporated slowly under a hood, and the rest
was removed in a vacuum oven at room temperature. A second
sample is a monodisperse entangled polymer melt, i.e.,
styrene−butadiene copolymer rubber (SBR) that has Z = 33
entanglements per chain, corresponding to Mw = 161 kg/mol
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damping function. In particular, it asserts that chain retraction
occurs about a Rouse time τR after shear cessation from a step
strain of any amplitude.82 Linear response ceases to be observed
whenever a measurable acceleration of the stress relaxation
emerges, as anticipated by eq 1a.
We carried out the following series of step shear experiments
on the SBR160K melt. Figure 7a shows the normalized shear
stress relaxation as a function of time for both γ = 0.1 and γ =
0.7. We deﬁne the relaxation modulus G(t) as shown in Figure
7a because the strain took a ﬁnite time to stabilize at the
prescribed value. The identical time dependence of the stress
relaxation suggests that the entanglement state was intact after
the step strain of γ = 0.7. In other words, up to a step strain of γ
= 0.7, there exists a suﬃciently high barrier against any faster
relaxation of the strained network toward the equilibrium state.
If we take the experimental data of G(t,γ = 0.1) from the step
strain of γ = 0.1 as the equilibrium relaxation modulus Geq(t),
we can estimate the relaxation modulus G(t, γ) from the tube
model using eq 1a and α values in Figure 3. The tube model
predicts a 13% diﬀerence as shown in Figure 7b that indicates
how the barrier-free chain retraction has caused G(t, γ = 0.7) to
drop below Geq(t). The comparison between parts a and b of
Figure 7 indicates that the tube-model-anticipated faster
relaxation did not occur in experiment. In passing, we note
that a previous SANS study65 involving step extension to λ =
1.7 showed evidence of chain retraction. Unfortunately, there
were no corresponding mechanical data to indicate whether
such chain retraction produced any measurable stress drop.
It is probable83 that the tube model could still be mended by
introducing, for example, a barrier against chain retraction so as
to reproduce the experimental data in Figure 7a. Erection of
such a barrier may only be possible in some ad hoc manner
within the tube model framework. At large step strains, the ad
hoc barrier is overcome and the chain retraction can occur
within the deformed tube. However, any such ad hoc
modiﬁcation necessarily degrades the formulation toward
empirical modeling as in the case of the transient network
models.15−17
D. Elastic Recovery after Startup Deformation. There is
another way to demonstrate the existence of a ﬁnite barrier that
resists any rapid rearrangement of chain entanglement. If a
barrier-free chain retraction would take place for a step strain of

Figure 6. (a) Schematic depiction of the protocol used to probe
changes in the state of chain entanglement during relaxation after an
interrupted (at t1) shear produced at γ̇1, where a second startup shear
at γ̇2 is applied after a relaxation time tw. (b) Stress relaxation behavior
characterized by application of a startup shear at diﬀerent stages of the
relaxation (i.e., for diﬀerent values of tw) that produces a stress peak at
σ2max, where the squares indicate both the stress growth and decay as a
function of time.

damage after cessation through the molecular elastic yielding
mechanism discussed in subsection II.2.
C. Barrier to Chain Retraction upon Modest Deformation
Made with WiR > 1. Linear response occurs in entangled
polymers when external deformation is too low to aﬀect the
equilibrium state of chain entanglement. In other words, at a
step strain of suﬃciently low amplitude γ, stress relaxation
dynamics should be independent of the value of the imposed
step strain amplitude γ. Under such a condition, the state of
entanglement should remain intact until the reptative process
renews the network. When does a strained network undergo
accelerated stress relaxation? At what value of γ does the
entanglement network start to undergo faster stress relaxation?
The tube model has deﬁnitive answers to these questions in its

Figure 7. (a) Stress relaxation behavior from two discrete step strains of respective amplitudes γ = 0.1 and 0.7, which are completed within a period
of 0.035 and 0.04 s respectively, much shorter than the Rouse time τR = 13 s. Since the resulting shear stress after the step strain of γ = 0.7 deviates
4% downward from a perfectly linear relationship of σ = Gγ, we have shifted the entire curve of γ = 0.7 upward by 4% to compare with G(t, γ)
measured from the step strain of γ = 0.1. (b) Taking G(t, γ = 0.1) as Geq(t) in eq 1a, the relaxation modulus G(t, γ = 0.7) can be estimated from the
tube model that assumes the barrier-free chain retraction as described in eq 1a.
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elastic recovery relative to that for γ = 0.1. Thus, the results of
these elastic recovery tests are fully consistent with the
preceding demonstration by stress relaxation measurements
in Figure 7a: It appears that there exists a ﬁnite barrier against
any accelerated return of the strained state to the equilibrium
state. Figure 8b further demonstrates that the ability to undergo
elastic recovery hardly decreases even when the sample was
stress free after a relaxation time tw 20 times the Rouse time τR.
Finally, as discussed in III.1.C, the tube model does not
expect the entanglement network to undergo any signiﬁcant
elastic recovery after a shear strain γ = 2 produced with WiR ≪
1. Using the same sample as studied in Figure 6b and 8a,b, we
conducted a combination of startup shear and elastic recovery
experiments at diﬀerent stages for various shear rates including
γ̇ = 0.3 s−1. Figure 9a shows the stress vs time data for four rates
ranging from 0.3 to 10 s−1. To better understand the origin of
the stress overshoot, we evaluate the degree of elastic recovery
both before and after the shear stress maximum at the shear
strain of γmax. Figure 9b summarizes how the ability to undergo
elastic recovery varies as a function of the imposed strain γ,
normalized by γmax.
Figure 9b reveals some interesting information. (a) The
entanglement network makes complete elastic recovery for WiR
as low as 0.1 up to γmax where the stress shows a maximum, i.e.,
at tmax ∼ 20τR. Thus, even this shearing condition of WiR = 0.1
amounts to producing signiﬁcant aﬃne deformation, contrary
to the picture given by the tube model that the system should
be undergo nonaﬃne deformation from τR to 20τR. (b) The
point of the stress maximum is signiﬁcant, separating
recoverable deformation from irrecoverable deformation.
Thus, Figure 9b represents systematic evidence supporting
the phenomenological notion of macroscopic yielding at the
stress overshoot.
E. Yielding after Maximum in σengr in Startup Extension.
The Doi−Edwards tube model predicts the tensile force or
engineering stress σengr would show a maximum around λmax =
2.36 because the Cauchy stress σ = σengrλ would level oﬀ upon
saturation of the chain orientation in absence of chain
stretching (i.e., for WiR ≪ 1). According to the tube model,
σengr declines when the chain orientation cannot further
increase and less chains are involved in producing the stress
as the cross-sectional area shrinks, as illustrated in Figure 5a.
We performed a combination of startup uniaxial extension and
elastic recovery experiments to explore the nature of the
maximum in σengr using a second SBR241K melt.
At a Hencky rate ε̇ = 1.0 s−1, WiR = 0.12 ≪ 1, we show in
Figure 10 that the elastic recovery, as measured by the degree

γ < 1.0, the strained entanglement network may show signs of
memory loss, i.e., reduce its ability to undergo elastic recovery.
We performed a series of interrupted shear experiments at WiR
> 1 with diﬀerent amplitudes and set the strained sample stressfree after a given amount of time tw. On the basis of the same
sample as studied in Figure 6b, we show in Figure 8a the

Figure 8. (a) Discrete elastic recovery tests for six waiting times tw,
measured relative to the Rouse time τR, after shear cessation from
shear strain of amplitude γ produced with a rate corresponding to WiR
= 5.5. Note that at T = 5 o C, τR =1.1 s. Note that the ﬁrst four sets of
data, circled by the box, show little drop up to γ = 1. (b) The
normalized degree of elastic recoil is plotted as a function of the
waiting time tw in the unit of the Rouse time, for two step strain
amplitudes of 0.2 and 1.0. Up to tw/τR = 20, there is little diﬀerence in
their ability to undergo elastic recoil, between the sample step strained
to 0.2 and to 1.0.

normalized strain recovery as a function of the strain amplitude
γ, for six diﬀerent waiting times tw all longer than the Rouse
time τR. The data in Figure 8a indicate that up to γ ∼ 1.0 the
entangled polymer solution did not lose its ability to undergo

Figure 9. (a) Shear stress vs the imposed strain γ = γ̇t, showing stress overshoot in each of the four applied rates. Note that for the ﬁrst rate of 0.3 s−1
the stress at the strain γ = 9.9 = 4.7γmax is 63% of the peak value. (b) Recoverable strain γr as a function of imposed strain γ, either before or beyond
the stress maximum that occurs at γmax, involving four values of γ̇.
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fracture. On the basis of these new results, we suggest that the
tube theory might have oversimpliﬁed the treatment of the
heterogeneous intermolecular (excluded volume) interactions
in terms of a smooth static tube. It remains to be seen whether
any new mending within the tube-model framework can
actually elucidate the phenomena, i.e., nonmonotonic changes
of the stress peak from the second applied shear during
relaxation after the ﬁrst slow shear (cf. Figure 6b) as well as lack
of nonlinear damping of the relaxation modulus for a moderate
strain (cf. Figure 7a), both of which are consistent with our
scenarios of molecular elastic “yielding” and presence of
entropic barrier against chain retraction.
Either during startup shear with WiR ≪ 1 or after step strain,
the dominant contribution to the shear stress is chain
orientation in the tube model, whereas in our alternative
picture the shear stress is due to the overall chain deformation
including stretching before the point of force imbalance. Thus,
the stress overshoot is just attributed to chain orientation in the
tube model and chain disentanglement accelerated by the
intrachain elastic retraction in the alternative picture. Similarly,
the strain softening observed under step strain is again due to
the chain orientation in the tube model, but is a consequence of
elastic yielding and breakdown of the entanglement network in
the alternative picture.
Since no revision of the tube model has been made to
include the new ingredients discussed in this work, it is too
early to conclude that the tube model cannot be further
improved to quantify the rheometric measurements such as
those presented here. It also remains to be seen whether a new
analytical theory will emerge to deal with the nearly intractable
challenge to account for the interchain uncrossability that
produces chain entanglement. It is encouraging to mention that
by explicitly accounting for binary chain uncrossibility, Sussman
and Schweizer have recently developed a ﬁrst principles
microscopic theory for the transverse tube conﬁnement
potential of topologically entangled solutions of rod-like
polymers.84 According to their theory, the tube-like conﬁning
potential has a ﬁnite barrier. Speciﬁcally, they predict that the
maximum conﬁning force to keep a polymer in the tube is of
the form of kBT/lent and suggest that there is indeed ﬁnite
cohesion. They also show that the presence of suﬃcient stress
can result in molecular yielding, i.e., chain delocalization out of
the conﬁning tube.85,86 These theoretical results, though
obtained for rods but not for ﬂexible chains that are examined
in the present study, are consistent with the conceptual picture
summarized in Figure 2. More recently, they have qualitatively
extended their microscopic dynamical theory for the transverse
conﬁnement of inﬁnitely thin rigid rods to study topologically
entangled melts of ﬂexible polymer chains.87
Molecular dynamics computer simulations are expected to
play a critical role to elucidate the molecular pictures behind
the various macroscopic observations and identify necessary
ingredients to include in a more realistic theoretical description
of nonlinear responses of entangled polymers to large fast
deformation. In particular, they could elucidate whether lateral
constraints are still present during the accelerated stress decline
involving either startup deformation or interrupted deformation, and whether chains stretch considerably upon startup
deformation even for WiR < 1. Such simulations will be diﬀerent
from those that have been performed88 so far based on a static
characterization of chain entanglement via primitive path
analyses.89−91 Hopefully, the future experiments and molecular

Figure 10. Ratio of the initial specimen length L0 to the ﬁnal recovered
length Lf of SBR241K melt after it has been stretched to the various
values of the stretching ratio λ = 1.2, 1.5, 1.8, 2.2, 3.0 (λmax), 3.3, 3.7,
and 4 respectively. The inset shows the raw data of stress vs strain
(σengr vs λ) at the Hencky rate of 1.0 s−1, corresponding to Wi ≪ 1, as
well as the eight positions along the curve when the extension is
terminated (i.e., setting the stretched specimen stress free) to allow
elastic recovery. Note that the Cauchy stress (diamonds) σ = λσengr
shows only monotonic rise with λ.

of return to the original length L0, is nearly complete when the
stretched specimen is let go before the peak of σengr. The inset
of Figure 10 indicates the corresponding rheometric
information before and after the yield point at λmax ≃ 3.0,
where the Cauchy stress σ = σengrλ monotonically grows in the
explored range of the stretching ratio λ. It is clear that the
maximum of σengr is a special moment during the startup
extension. Beyond λmax, the recovered sample length Lf is
appreciably higher than L0, indicating that the entanglement
network suﬀered irrecoverable changes. The DE tube model
does not explicitly explore78 the signiﬁcance associated with the
peak of σengr, which signiﬁes yielding. It remains to be seen how
remedies can be made within the framework of the tube model
to provide a realistic molecular picture for the observed yielding
of entangled melts during startup uniaxial extension.

V. SUMMARY
Four decades ago, de Gennes’ idea of reptation1 revolutionized
the study of chain dynamics in entangled polymeric liquids, and
subsequently the Doi−Edwards tube model2 illuminated a new
direction of research in polymer rheology. Because of these
theoretical advances, we have achieved an unprecedented level
of understanding, concerning linear viscoelastic properties24,25
of linear and long-chain-branched polymers. It has been widely
known that the tube model also attempted to describe many of
the nonlinear rheological characteristics.26,45,65,69−72 However,
the recent particle-tracking velocimetric observations of various
strain localization phenomena such as shear banding50,51 and
nonquiescent relaxation39,40 have caused us to search for an
alternative theoretical depiction.
In this paper, after brieﬂy discussing what we may expect
from large deformation of entangled polymers, we ﬁrst
described in section II the construction of the tube model
and then outlined an alternative conceptual framework. After
introducing the basic features and pictures associated with the
tube model in section III, we reviewed two major classes of
previously reported strain localization phenomena in the
experimental section IV before delineating four new experiments carried out in absence of any inhomogeneity and edge
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dynamics simulations can thoroughly test the ideas of ﬁnite
cohesion, force imbalance, and chain disentanglement.
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